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@ p s i s  ABSTRACT 

For molecular systems with a relatively small number of degrees 

of freedom internal relaxation processes are described by a non-homogeneous 

master equation fo r  non-diagonal elements of the density matrix. The 

theory i s  applied t o  internal vibrational relaxation and intramolecular 

rearrangement (isomerization) reactions. The general character and 

cer ta in  types of solutions of the master equation are investigated. 

.. 
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I) Introduction 

In the theory of chemical reactions the reaction pro-  

cess is often pictured as the consequence of t w o  interfe- 
ring mechanisms which may be named external and internal 
collisions. Sometimes one a l s o  refers to the latter mecha- 
nism as "redistribution of enercy between different degrees 
of freedom". In many instances, so in the case of unimole- 

. 

cular reactions and of bimolecular reactions with long-li- 
ving reaction complexes, it is the internal mechanism 
which plays the decisive role in transferring a molecule 
or supermolecule from one region of relative stability 
within the configuration space to another. The perturbation 
by the external collisions of a molecular system can then 
D e  assumed to remain localized within one of its chemical 
configurations, with other words, rea&ion in such cases 
is very unlikely to occur as the immediate consequence of 
an external collision. 

Picturing t h e  reaction by the internal mechanism was 
extremely fruitful in the theory of unirnolecular reactions 1,293) 

0. K. Hice ,  H. C. Ramsperser, J. Am. them. S O C .  
1)  

- 4 9 ,  1617 (11)27), 50, 617 (1923)  
H. A.  Marcus, 0. K. Hice, J. Phys. Chem. 
I_ 5 5 ,  894 (1951)  

"L. S. Kassel, J. Phys. Chem. 32, 225 (1928) 
' ) N .  B. Slater, Theory of Unimolecular fieactions 

- 

Cornell, Ithaca, New York,  1959 ,  p 22. 

and we shall refer to it explicitly throughout this paper. 
One of the assumptions, used in specifying the internal 
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From t h e  v i e w p o i n t  of s t a t i s t i c a l  m e c h l n i c s  t h e  p ro -  
blem of i n t r a m o l e c u l a r  r ea r r angemen t  r e a c t i o n s  i s  t h e  more 

i n t r i g u i n g  one  s i n c e  a l l  ene rgy  l e v e l s  of t h e  r e a c t i n g  mo- 

l e c u l e  a r e  d i s r e t e  and non-degene ra t e .  'i'he f o r t h c o m i n g  

t r e a t m e n t  can  e a s i l y -  be s p e c i a l i z e d  t o  monomolecular de- 

compos i t ion  r e a c t i o n s .  1L a l s o  con tn i r , s  t h e  s p e c i a l  c a s e  

of i n t e r n a l  v i b r a t i o n a l  r e l a x a t i o n .  

mechanism, i s  t h a t  t h e  r e a c t a n t  m o l e c u l e s  w i t h  i n t e r n a l  

e n e r g y  Ei form a mic rocanon ic  ensemble w i t h  e q u i l i b r i u m  

p r o p e r t i e s  ( i . e . ,  c o n s t a n t  d e n s i t y  i n  phase  s p a c e  o v e r  

t h e  reac t ;n t  r e g i o n  of  t h e  e n e r g y  s h e l l  E . . . E i t  dEi, resp.  

commuta t iv i ty  of t h e  d e n s i t y  m a t r i x  w i t h  t h e  H a m i l t o n i a n  

o f  t h e  r e a c t a n t - s p e c i e s ) .  T h i s  i m p l i e s  t h e  e x i s t e n c e  of 
an  i n t r a m o l e c u l a r  r e l a x a t i o n  p r o c e s s  w i t h  a r e l a x a t i o n  

t ime s h o r t  compared w i t h  t h e  t ime between the  e x t e r n a l  

c o l l i s i o n s .  S i n c e  molecu le s  have a v e r y  s m a l l  number of 

d e g r e e s  o f  f reedom i t  i s  n o t  a t  a l l  e v i d e n t  whe the r  and 

unde r  which c i r c u m s t a n c e s  such  i n t e r n t t l  r e l a x a t i o n  mecha- 

nisms may be t a k e n  as g r a n t e d . T h e  r e a c t i o n  p r o c e s s  i t s e l f  

a l s o  needs  f u r t h e r  c l a r i f i c a t i o n .  P a r t i c u l a r l y  i n  t h e  case 
of an  i n t r a m o l e c u l a r  r ea r r angemen t  r e a c t i o n  (also t e rmed 

" i s o m e r i z a t i o n  r e a c t i o n t t )  one a g a i n  makes e x p l i c i t  u s e  

o f  t h e  a s sumpt ion  t h a t  t h e r e  is a n  i n t r a m o l e c u l a r  r e l a x -  

a t i o n  mechcmism, s i n c e  o t h e r w i s e  t n e  molecu le  would remain  

o s c i l l a t i n g  between r e a c t a n t  and p r o d u c t  c o n f i g u r a t i o n  t ill  

t h e  e x t e r n a l  c o l l i s i o n s  had damped t h e s e  o s c i l l a t i o n s  away. 

I n  t h e  l a t t e r  c a s e ,  however,  a f i r s t  o r d e r  r a t e  p r o c e s s  

c o u l d  n e v e r  be obse rved .  

i 
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To t h e  knowledge o f  t h e  a u t h o r ,  t h e  o n l y  t r e a t m e n t ,  

Sr 
t a  

‘51 

of i n t r a m o l e c u l a r  r e a r r a n g e m e n t s ,  d i f f e r e n t  from t h e  scheme 

used  f o r  monomolecular d i s s o c i a t i o n  r e a c t i o n s  w a s  g i v e n  by 

Golden and Y e i s e r 4 )  who based t h e i r  approach  on t h e  r e p e a t e d  
random p h a s e s  a s sumpt ion .  S.  Golden 5 )  also f o c u s s e d  a k t e n t i o n  

L t )  S.  Golden ,  A.M. P e i s e r ,  J .  Phys.  and doll.Cheiri. ,  55, 789  (1951)  

J )  S .  w l d e n ,  Sup , , l .  Nuovo Cirriento,Z, 540 (1957) ,  15,335 (1960)  
- 

and p r i v a t e  c o m K n i c a t i o n  

on t h e  problem of  how t o  unde r s t and  t h e  i n t u i t i v e  c o n c e p t  

of cheni ical  s p e c i e s  i n  t e rms  o f  quantum mechanics  which i s  

o f  pr ime impor t ance  for t h e  p r e s e n t  case. 

I n t r a m o l e c u l a r  r ea r r angemen t  r e a c t i o n s  r e p r e s e n t  a problem 

by i t s  own n a t u r e  i n  s t a t i s t i c a l  mech;tnics.  The sys t ems  w e  a r e  

d e a l i n g  w i t h  have a c o m p a r a t i v e l y  s m a l l  number o f  d e g r e e s  o f  

f reeuom s o  t h a t  some of t h e  a s sumpt ions ,  g e n e r a l l y  agreed o n ,  
for t h e  d e r i v a t i o n  o f  a master e q u a t i o n  do n o t  h o l d .  F u r t h e r m o r e ,  

i n  c o n t r a s t  t o  t h e  main goal o f  t h e  s t a t i s t i c a l  mechan ica l  t r e a t -  
ment of  o r d i n a r y  s y s t e m s ,  e x c e p t  t h o s e  w i t h  magne t i c  f i e l d s ,  

where one c a l c u l a t e s  t h e  time,k?ependence o f  t h e  d i a g o n a l  e l e m e n t s  

o f  t h e  d e n s i t y  m a t r i x ,  w e  a r e  e x c l u s i v e l y  i n t e r e s t e d  i n  t h e  

non-d iagonal  e l e m e n t s  o f  ( t ) .  The m a s t e r  e q a t i o n  w e  are t o  

d e r i v e  w i l l  b e  non-homogeneous ( r e f l e c t i n g  t h e  f a c t  tha t  t h e  

i n i t i a l  d e n s i t y  m a t r i x  does  n o t  commute w i t h  t h e  u n p e r t u r b e d  

Hamiltonianccdce) and t h e  s o l u t i o r l  a t  v e r y  la rge  t i m e s  w i l l  

shape i n t o  a d i a g o n a l  d e n s i t y  rnakrix. T h e  r e l a x a t i o n  times 

f o r  t h e  non-d iagona l  m a t r i x  e l emen t s  t o  d i s a p p e a r  can  t h e n  b e  

r e l a t e d  t o  i n t e r n a l  v i b r a t i o n a l  r e l a x a t i o n  and t h e  r a t e  o f  

i n t r a m o l e c u l a r  chemica l  change ,  i i a t e s  of r e a c t i o n s  c a l c u l a t e d  

on  tfle bas i s  of a purely i n t e r n a l  r e l a x a t i o n  mechanism, w i l l  be 

mean ingfu l  as lory;  as t h e  r e l a x a t i o n  time of  t h e  u n p e r t u r b e d  

s y s t e m  u n d e r  t h e  a c t i o n  of  o u t e r  c o l l i s i o n s  i s  long compared 

w i t h  t h e  t i m d f o r  r e l a x a t i o n  by t h e  i n t e r n a l  p e r t u r b a t i o n .  
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2 )  C h a r a c t e r i z i n g -  R e a c t a n t -  and  P r o d u c t  S p e c i e s  i n  a 

System w i t h  I n t r a m o l e c u l a r  Change 

The concep t  o f  m o l e c u l a r  s p e c i e s ,  as i t  i s  u s e d  i n  che-  

m i s t r y ,  h a s  no co r re spondence  i n  b a s i c  t h e o r i e s  f o r  t h e  d e s -  

c r i p t i o n  o f  n a t u r e ,  l i k e  c l a s s i c a l  mechanics  and quantum me- 

c h a n i c s .  The r e a s o n  i s  t h a t  the  chemica l  a s p e c t  o f  m a t t e r  i s  
a n  o p e r a t i o n a l  oIie which can be c h a r a c t e r i z e d  by c e r t a i n  li- 

m i t e d  s e t s  of  measurements .  O t h e r  p r o p e r t i e s  o f  m a t t e r  a r e  

c o n s i d e r e d  t o  be beyond t h e  s c o p e  o f  c h e m i s t r y .  

S. Golden5) has g i v e n  a comprehens ive  f o r m a l  d e s c r i p t i o n  

o f  t h e  o p e r a t i o n a l  s t r u c t u r e  of  c h e m i s t r y  p o s t u l a t i n g  t h e  

e x i s t e n c e  o f  comple te  se ts  o f  commuting o b s e r v a b i e s  which 

c a n  b e  u s e d  t o  d e t e r m i n e  t h e  chemica l  s t a t e  of  m a t t e r  i n  

acco rdance  w i t h  t h e  i n t u i t i v e  t r a d i t i o n a l  c o n c e p t  o f  c h e m i c a l  

s p e c i e s .  F o r  t h e  pu rpose  of  t h e  p r e s e n t  i n v e s t i s a t i o n  t h e  

c o n s t r u c t i o n  o f  s u c h  a s e t  of commuting o b s e r v a b l e s  w i l l  b e  

i n s t r u m e n t a l .  A t  t h e  same t i m e  t h e  l i m i t a t i o n s  o f  t h e  chemica l  

v i e w p o i n t  f o r  m o l e c u l a r  s p e c i e s  which can  c o n v e r t  i n t o  each  

o t h e r  w i l l  become obvious .  

I n  d e a l i n g  w i t h  a c e r t a i n  c l a s s  of  chemica l  r s x c t i o n s ,  

as a f i r s t  s t e p  w e  have t o  c h a r a c t e r i z e  t h e  p r o p e r t i e s  o f  

any s e t  of measurements s u i t a b l e  f o r  d i s t i n g u i s h i n g  be tween 

t h e  different m o l e c u l a r  s p e c i e s  and f o r  f u r t h e r  d e t e r m i n a t i o n  

o f  t h e  chemica l  s i t u a t i o n .  Out of  t h e  wide r a n g e  o f  c h e i n i c a l l y  

r e l e v a n t  measurtJments  t h e r e  may be  s e l e c t e d  d i f f e r e n t  s e t s  

w i t h  commuting o b s e r v a b l e s  comprisin,a o n l y  t h e  minimal  num- 

D e r  of  measurements  n e c e s s a r y  for comple te  d e t e r m i n a t i o n  

of  t h e  chemica l  s t a t e  o f  ;t sys t em.  Each s u c h  s e t  c a n  b e  d i -  

v i d e d  i n t o  two parts so  t h  at i t  w i l l  c o n t a i n  measurements  

which s e r v e  t h e  pu rpose  t o  d i s t i n < y u i s h  between d i f f e r e n t  

chemica l  s p e c i e s  ( e .  5.  molecu le s  !bl,, M2, ... o r  c l u s t e r s  of 



molecules M I M I ,  M1M2, . . . , M , , M I M l ,  M,M11'12, . . . . . etc*) and 
also measurements which will complete the quantum mechanical 

information, s o  that an initial density matrix so is uniquely 
determined. 

Any two chemically relevant measurements must enable 
us to distinguish between aq'least two chemical species. 
Now from physical insight it is known that chemical species 
may always be characterized by the atoms ( o r  ions) out of 
which they can be thought to be built up, furthermore by their 
"chemical structurett which usually refers to a certain 
range f o r  the relative positions of the nuclei. "Chemical 
structure",however, may also be understood in a broader 
sense, comprising electrans localized with respect to some 
of the nuclei, thus allowing ions or even local excitations 
to appear as a chemical species. We may idealize any set 
of measurementsrfbr determining chemical structure by a 
single observable "configuration",denoted by ,, For our 
purposes it is not-necessary to introduce measurements 
of the elementary composition (numbers of electrons and atomic 
nuclei) explicitely. 

In the case of an intramolecular rearrangement 7 will 
not even approximately commute with the Hamiltonian ac , 
nor will it commute with xo, since energy and local CO- 

ordinates do not commute. Nevertheless, there must be an 
observable related to the energy of a molecule in one of 

configurations. Let us assume there are only 
species involveq, the configuration of which, 

by measuring y a n d  ??: 

its chemical 
two chemical 
can be found 
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where tr denotes the trace of a mc-itrix, will then be the re- 

lative numbers of molecules in configurations 

spectively and the initial density will commute with x :  I 

ani .!L - re- 

The Hamiltonian and a l s o  the unperturbed 1-Iamiltonian must 
now be divisible into the following parts 

and 
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I 

space 34/'and %'are 
/dr>and IdT) are so strongly localized in the region of con- 
figuration I or I1 respectively, one configuration operator 
will be the orthogonal complement of the other. Thus 

and 

projection operators. Moreover, since 

- 

x= = 1 - y p  

EFplicit constructions of z0 X , z:, and R'will be gi- 

ven in chpt. 3.  

At the initial time t=O an ensemble of molecules shall 

exist as chemical species I, i.e it is represented by a den- 
sity matrix which is diagonal in ttle eigenrepresentation 
of X'and x* f* , 

This initial density will now decay in two ways: 
1 )  leakage through the b.arrier between configuration I 

and I1 by tunnel -effect 
and 

2) transitions caused by the perturbation 

A characteristic time,denoted by and w L, , can be related 
' to both of these processes. The time ~m,available for the 
measurement of 7f'and zr, is therefore limited by and 

Lr 
ably during the measurement we have to make vw .& & ( ~ , q )  

A limited time for the measurement of rkTand ae,' 
implies an uncert3inity in the energy of the order Tc' . On 
the other hand, if y, decays very rapidly by tunnel-effect 

CI . To be sure that ou? ensemble has not changed consider- 

and transitions, TL' may become s o  large that the measure- 
ment of 2: would spread out the energybf the ensemble way 



- 9 -  

above t h e  b a r r i e r  between c o n f i g u r a t i o n s  I and 11. We 

s h a l l  e x c l u d e  t h i s  i n t e r e s t i n g  c a s e  h e r e  s i n c e  i t  i s  beyond 

t h e  scope  of chemica l  k i n e t i c s ,  assuming TL'&E& ) 
where E a t i s  a n  ene rgy  of  t h e  o r d e r  o f  t h e  h e i g h t  of  t h e  

b a r r i e r  between r eZ ions  I and 11. 

For n e a r l y  a l l  chemica l  sys t ems  one can r e p l a c e  x: 
by two dependent  measurements,  

t h e  e l e c t r o n i c  s t a t e  of t h e  sys t em,  

b e l l i n g  s e t s  o f  e l e c t r o n i c  quantum numbers, whereas  Dz 
d e n o t e s  t h e  o b s e r v a b l e  r e l a t e d  t o  t h e  v i b r o n i c  e n e r g y  a t t r i -  

b u t e d  t o  t h e  e l e c t r o n i c  s t a t e  e .  g r  and n:cornmute f o r  a t  

and D:? E* r e p r e s e n t i n g  

i t s  e i Z g e n v a l u e s  e la-  

l e a s t  most sys t ems  o f  chemica l  i n t e r e s t . M o r e  f r e q u e n t l y ,  

eve r ,we  s h a l l  f i n d  t h a t  e and Be , t h e  c o r r e s p o n d i n g  ope- 

r a t o r s  for t h e  whole system,do n o t  commute. Then Born -Op-  

penheimer s e p a r a t i o n  does n o t  h o l d  and t h e  ensemble o f  re- 

a c t a n t  mo lecu le s  w i l l  change i t s  d i s t r i b u t i o n  o v e r  t h e  a l e c -  

how- 

t r o n i c  s t a t e s  i n  t h e  course  of  t he  r e a c t i o n .  

a t o r s ,  r e l a t e d  t o  e 
Commuting o.per- 

and%e , can  n e a r l y  alwaydbe c o n s t r u c t e d  

i n  t h e  f o l l o w i n g  way. D e n o t i n g  a l l  eleeh-onic c o o r d i n a t e s  by 

p r e s e n t  t h e  k i n e t i c  energy  o p e r a t o r s  o f  n u c l e i  and e l e c t r o n s  

r e s p e c t i v e l y ,  t h e  t o t a l  hami1toni :m i s  ( ,  i n  t h e  ,absence 

x ,  a l l  n u c l e a r  c o o r d i n a t e s  by X and l e t t i n g  P & and CL & r e -  

o f  magne t i c  f o r c e s  ) 
7e = g+ + U&X) 

S o l v i n g  

we can d e f i n e  

.- 
and g,= 4 e I E l e >  

The d i a g o n a l  p a r t  of the o p e r a t o r  De, g i v e n  by 



? 
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will then commute with 

construct sets of commutin 3 ope5t;)s. like 

. By this method we can always 
z:c 1 

ZLd) 
y=, € = )  Q > 2 ) " "  

7c", P, a, ) Ctd) ) - --.' 
It is clear that in cases like the above mentioned the 

non-diagonal part of De would occur' as part of the per- 
turbation operator ?)- on a later stage of the theoretical 

treatment 
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3 )  Quantum Theory  of I n t e r n a l  Motion o f  a Molecu le  

D e s c r i p t i o n  o f  t h e  r e a c t i o n  p r o c e s s  r e q u i r e s  t h e  con- 

s t r u c t i o n  o f  a s p e c i a l  s e t  of e i f ; e n f u n c t i o n s  f o r  t h e  i n t e r -  

n a l  iiiotion o f  a m o l e c u l e 6 ) .  T o  t h i s  b e h a l f  we s h a l l  make 

s e e  L .  Hofacke r ,  %. N a t u r f o r s c h .  18 a ,  607 ( 1 9 6 3 )  

two r e s t r i c t i v e  a s sumpt ions :  

1 )  The whole r e a c t i o n  t a k e s  p l a c e  u n d e r  a f i x e d  

s e t  e of e l e c t r o n i c  quantum numbers.  E w i l l  

t h e r e f o r e  commute w i t h  ?$ ,a  and Dr'. 
2 )  Only t h e  a c t i o n  o f  c o n s e r v a t i v e  f o r c e s  i s  ta- 

ken  i n t o  accoun t .  Hence, C o r i o l i s  f o r c e s  w i l l  

b e  n e g l e c t e d  a f t e r  i n t r o d u c i n g  a c o o r d i n a t e  

sys t em which inoves and r o . t a t e s  w i t h  t h e  mole- 

c u l e .  

If- t h e r e  a re  N a tomic  n u c l e i  w i t h  c o o r d i n a t e s  X I ,  . . . , X 3 N  

i n  a c o o r d i n a t e  system, r i s i d l y  f i x e d  t o  t h e  m o l e c u l e ,  t h e  

f o r c e s  a c t i n g  on t h e m  w i l l  have a p o t e n t i a l  

UJT ( X I ,  . . . . . . , x ) 3 N  
which  c o n t a i n s  t h e  c e n t r i f u g a l  f o r c e s  and depends  t h e r e f o r e  

on  t h e  r o t a t i o n a l  quantum numbers 3 and ' 2 r  ( r e l a t e d  t o  t o t a l  

a n g u l a r  momentum and one  o f  i t s  components ) .  

The i n n e r  mot ion  of  t h e  molecu le  i s  now r e p r e s e n t e d  by wave 

p a c k e t s  moving on t h e  p o t e n t i a l  e n e r g y  s u r f a c e  . The p o t e n t i a l  

h ~ ~ s  t h e  s h a p e  of two d o u b l e  moulds and t h e  p r o c e s s  o f  i n n e r -  

rriolecular c o n v e r s i o n  t akes  pl i ice  by t h e  p a s s a g e  o f  wavepackets  

f rom one mould t o  t h e  o t n e r .  S o l u t i o n s  f o r  t h e  mot ion  o f  

waves i n  a l l  r e g i o n s  o f  t h e  many-dimensional  p o t e n t i a l  ene rgy  

s u r f a c e  a r e ,  o f  c o u r s e ,  e x t r e m e l y  d i f f i c u l t  t o  o b t a i n .  However, 

s i n c e  t h e  w a v e  p z c k e t s  r e p r e s e n t  t h e r m a l  ene rgy ,  t h e i r  s t a t i s t i c a l  
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w e i g h t s  become lower  and l o w e r  as their energy 
r i s e s .  Examining t h e  problem from t h i s  a n c l e  we may s a y  

t h a t  t h e  r a t e  o f  t h e  r e a c t i o n  w i l l  be d e t e r m i n e d  by t h o s e  

wave p a c k e t s  which p a s s  t h e  s a d d l e  between t h e  two moulds 

n e a r  i t s  l o w e s t  p o i n t  h a v i n g  l i t t l e  k i n e t i c  ene rgy  a t  t h e  

same t i m e .  Those wave-packets  w i l l  f o l l o w  r a t h e r  c l o s e l y  

a l i n e  of minimum c u r v a t u r e ,  t e rmed t h e ' r e a c t i o n  p a t h " ,  

which l e a d s  from t h e  bot tom oE one mould a c r o s s  t h e  s a d d l e  

p o i n t  t o  the o t h e r  mould. 

Our conce rn  now h a s  t o  be a twofo ld  one.  I n  t h e  f i r s t  

p l a c e  we want t o  c a l c u l a t e  t h e  f l u x  o f  wave-packets  a l o n g  
t h e  r e a c t i o n  p:ith. ' l ' l l i s  i m p l i e s  t o  e s t a b l i s h  a comple t e  

s y s t e m  w i t h  t h e  p r o p e r t y  t o  f a c t o r i z e  t h e  mot ion  a l o n g  t h e  

r e a c t i o n  p a t h  from mot ion  i n  o t h e r  d i r e c t i o n s .  O n  t h e  o t h e r  

hand , -we s h a l l  t r y  t o  e x p l o i t  t h e  f a c t  t h a t  t h e  deviation 

of  t h e  c e n t e r  o f  wave p a c k e t s  f rom t h e  r e a c t i o n  p a t h  i s  s m a l l .  

F i r s t  w e  d e t e r m i n e  a f a m i l y  o f  c o o r d i n a t e  s u r f a c e s  

( t h e r e  a re  M i n t e r n a l  
de(:rees of  f r eedom)  

which s h a l l  have t h e  property t o  c o n t a i n  t h e  r e a c t i o n  p a t h  

s o  t h a t  

i s  a s e t  of e q u a t i o n s  which h a s  t h e  p o i n t - s e t  o f  t h e  r e a c t i o n  

p a t h  as i t s  o n l y  s o l u t i o n .  The c o o r d i n a t e .  s u r f a c e s  

w i l l  t h e n  i n t e r s e c t  w i t h  t h e  r e a c t i o n  p a t h .  
7, =const. 
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In the system of skewed internal coordinates 

the kinetic energy operator is 

where 

(8b) and 

J 
93 I 

& = &f GttJ 
We shall, from now on, distinguish the coordinate by denoting 

separates 1 from the other coordinates. This can, in general, 
not be obtained, yet, it is possible to find a complete set 
for the internal nuclear motion of the molecule where the 
eigenfunctions have the %rm: 

it a s 4  It is our aim to find a complete system 7, which 

with the property that - 
ac t )  behaves wave-like in ,f 

Ip ( f , ) z y , .  . .., Y n )  is a wave-type function in ' I r , .  . . ,)7,, 
- 

but not i n j ;  the variation in f will befound to depend on 
certain curvatures of the potential energy surface. 
If we determine 

- 

1 = 7 i X I , . . . ,  X J N j  
such that I 

the kinetic energy operator now reads 



The Hami l ton ian  is 

Note t h a t  y f d e p e n d s  on a l l  i n t e r n a l  c o o r d i n a t e s  b u t  

c o n t a i n s  o n l y  d i f f e r e n t i a t i o n s  with r e s p e c t  t o  whereas depends 
o n 5  G o n l y  as a pa rame te r ,  

Then the e i g e n v a l u e  problem 

i 13)  

\ \\\\ I cilil 

These  c u r v e s  do n o t  i n t e r s e c t  by I s i m i l a r  r e a s o n s  as spectros- 

c o p i c  t e r m s .  Fur thermore ,  we may d e f i n e  t h e  d i a g o n a l  p a r t  

of t h e  o p e r a t o r  r' w i t h  r e s p e c t  t o  { I & > ]  : 

( 1 4 )  

ant i  s o l v e  t h e  e i g e n v a l u e  problem - 
Qnl r9%7 > -4- E R ( $ ) j G >  = my I nu> 

4 c 

where f n V >  depends  on 
h. 

only. Then i t  i s  easy t o  s e e  t h a t  
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c 

t 
t 

m 

i s  a n  e i g e n f u n c t i o n  f o r  

We w r i t e  t h i s  e q u a t i o n  i n  t h e  form 

(18)  z,, / h u >  = Ek,lkv> 
r f  rf 

S i n c e  t h e  non-d iagonal  p a r t  o f  , .((no() i s  d e f i n e d  by 

r f  4 -f 
( 1 9 )  s L l  + Jht, 

t h e  Hami l ton ian  i s  now s p l i t  up i n t o  a main p a r t  and a per- 

t u r b a t i o n  % 

=ae,+v 
Assuming t h a t  wave-pac&ets which l e a d  t o  r e a c t i o n  w i l l  

n o t  d e v i a t e  much from t h e  r e a c t i o n  p a t h  w e  may expand t h e  

p o t e n t i a l  i n  e q .  (13) t o  second o r z e r  terms i n  t h e  

In t h e  v i c i n i t y  of 4 p o i n t  on t h e  r e a c t i o n  p a t h  w i t h  c o o r d i -  

= c o n s t  may be s u b s t i t u t e d  n a t e  $ t h e  c o o r d i n a t e  s u r f a c e s  

b y  t h e i r  t a n g e n t i a l  plurws, 

and 
u s e  f a m i l i a r  methods f o r  t h e  t r e a t m e n t  of  small v i b r a t i o n s .  '72, 

z 

or i n  m a t r i x  notation 
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A €  

i n  

o f  

q k  
t h i s  approx ima t ion  a l l  G ik f o r  i , k  2 2 become f u n c t i o n s  

t e r  any i n i t i a l  c h o i c e  o f  t h e  c o o r d i n a t e  s u r f  

@ o n l y ,  hence  

Expans ion  o f  t h e  p o t e n t i a l  y i e l d s  
M M 

new c o o r d i n a t e s  

and 

Now a new r e a c t i o n  p a t h  which may be  c a l l e d  t h e  "dynamic 

r e a c t i o n  p a t h "  can  be d e f i n e d  by t h e  s e t  o f '  e q u a t i o n s  

( c f .  e q u s . ( 6 )  ) 

S i n c e  a l l  t h i s  h o l d s  f o r  a f i x e d  f w e  have  t o  p u t  

( 2 9 )  

I n  equ.  ( 2 7 )  k i n e t i c  and p o t e n t i a l  ene rgy  can  be  made 

a s u m  o f  s q u a r e  te rms  by a t r a n s f o r m a t i o n  
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s o  t h a t  i t  now r e a d s  

I t  can  be shown t h a t  i n  t h e  new c o o r d i n a t e  svstern e q u s . ( l O )  

s t i l l  h o l d ,  

From (22b) and (25) f o l l o w s  

and  w i t h  (30)  w e  have  

( 3 2 )  z* = A-'g 

S t a r t i n g  w i t h ( 3 2 )  i n s t e a d  o f  ( 2 2 )  equs.(lO) become 

3N I -3 a t  a GIk 5 E 9% 3% 
e m /  

<,G, 3N 

C = /  

= o  ( A = L , ~ , - . - ,  h )  
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On the other hand,the particular f o r m  of the Hamiltonian 
we are making use of was attained by choosing some 
which satisfies, according to ( 2 2 ) ,  the equation 

OQ 

( 3 4 )  

Since is non-singular, ( 3 3 )  is fullfilled by putting 

(35) 

We can therefore, in the limit of small oscillations around 
the reaction path, change t h e y  -coordinates to the 
without violating the condition ( I O ) .  

After al1,we can write the energy En(S) in a more 
elaborate f o r m  

By this approach we have neglected a l l  anharmonicities 
except those which occur along the reaction path. Undoubtedly 
in chemical reactions the anharmonicitiea a wave-packet 
is subject to on its way str:eight towards the saddle will 
in general be more important than those of oscillatory 
motions which can not imme:drXCately lead to reaction. 

I 

W e  finally have to eive a propper d e f i n i t i o n  of t l ic 
one-mould Hamiltonians xt and xo 3 which one needed to 

construct the initial density matrix s o .  From equ. 
follows the set of curves En(E) . Let us denote the maximum 
in the middle of the n-th curve by , then we may define 

(13) 

s, 
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IRE:) and Ihr>will then be equgl to I n )  in their respective 

f o r  

with a similar equation holding for mould 11. 

Thus x,- and xo are given eigenfunctions and eigenvalues 
lai>/nvz> 
It shall be noted here that for the problem we are investi- 
gating only bound eigenfunctions, located in mould I or 11, 
are of any interest. 

T h - - - 
E ~ ~ , ,  and ~ ~ z > l ~ ~ >  9 E”~,, respectively. 

R’and ‘?{Eca~ then be defined by 

Y 
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4) Derivation of Relaxation Equation. 

We shall now consider an isolated molecule with an 
initial density yo which is non-diagonal in the 6kgenstates 
of the total Hamiltonianx. The crucial question is what 
the assymptotic behaviour in time of such a system might be. 
Xolecules are finite systems and therefore it is not evident 
whether we shall be able to derive a master-equation 
describing the internal relaxation process. It can easily 
be recognized that not all the assumptions-employed for 

infinite systems by van Hove and others ' ' S T ' )  in order 

7 )  L. van liove, Physica 21, 517 (19.55); 22, 4-44 
25 268 -' 

8 )  R.W,Zwanzig, Lectures in Theoretical Physics 111, Boulder 

9 )  A. Janner,Helv. Phys. A c t a  35, 47 ( 1 9 6 2 ) ;  36, 857 ( 1 9 6 3 )  
196u, Interscience, Kew Y o r k ,  1961, p .  106 

to derive a master equation will hold. Nevertheless, we 
shall be ab2e to establish an assymptotic solution of the 
von Neumann-equation which h o l d s  on a certain time scale. 
This can be done in a more straightforward way by direct 
investigation of the damping form of von Neumann's equation 
than by applying a Laplace-transform method 1 0 , ~ 1 , 1 2 , 1 ~ )  

I O )  W. hohn, J . M .  Luttinger, Phys. Rev. 108, 590 (1957)  
1 1 )  S. hakajama, ProSr.  Theor. Phys. (Kyoto), 20, 948 ( 1 9 5 8 )  
12) E.W.Montrol1, Lectures in Theoretical Piiysics,IXI, Uoulder 

13)  E . W .  Nontroll, Yundnmental Problems in Statistical Nechanics  

- 

1960, Interscience, New York, 1961 , p .  221 

Nijenkode CastiB l g b l ,  North Holland, 
Amsterdam (subsequently cited as:Nijenrode 
1961) p o  230 

.- 



I n  a p p l y i n g  t h e  r e s u l t s  t o  i n t r a m o l e c u l a r  r e a r r a n g e -  

ments w e  s h a l l  make use  o f  i d e a s ,  e s s e n t i a l  i n  a l l  coinmon 

c e r t a i n  c o n d i t i o n s  t h e  e f f e c t  o f  c o l l i s i o n  w i t h  a h e a t - b a t h  

w i l l  be n e g l e g i b l e .  

t h e o r i e s  of  monomolecular r e a c t i o n s  3) , s a y i n g  t h a t  u n d e r  

D e r i v i n g  t h e  damping-form o f  von Neumann's e q u a t i o n  w e  

may f o l l o w  t h e  well-known p r o c e d u r e ,  y e t  keep  i n  mind t h a t  

t u r b e d  s q s t e m ,  ZO . L e t  t h e  p e r t u r b a t i o n  be t h e  h e r m i t i a n  

e v e r ,  ?r and % i n  p r i n c i p l e  may also compr i se  e l e c t r o n i c  

te rms .  The I iamil toniFin 'xof  t h e  molecu le  w i l l  t h e n  b e  

and von Neumann's e q u a t i o n  is 

ye w i l l  n o t  commute w i t h  t h e  H a m i l t o n i a n  of  t h e ' u n p e r -  

o p e r a t o r f w h i c h  may be  i d e n t i c a l  w i t h  r f  ti,$in c h p t .  3. Hob-- 

z= ae,+2p' 

( 3 7 )  

D e f i n i n g  

w e  f i n d  by d i f f e r e n t i a t i o n  

0 

o r  

S u b s t i t u t i o n  i n t o  equ .  ( 3 7 )  z i v e s  

( 3 2 )  

. I  
- =  
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what may be  termed t h e  damping form of  von NeumannLequat ion  

w i t h  an inhomotzeneous term, t h e  l a t t e r  reflecting t h e  non- 

c o m m u t a t i v i t y  of  x, and . 
S O  

The e i g e n s t a t e s  Id ( )  of  t h e  u n p e r t u r b e d  H a m i l t o n i a n x '  ~ 

w i t h  

may form a n  o r thonorma l  b a s i s  o f  r e a l  wave f u n c t i o n s  

s i n c e  w e  s h a l l  be  n o t  i n t e n s t e d  i n  p r o c e s s e s  i n v o l v i n g  

d i s s o c i a t i o n  o f  tlie molecule .  'I'he e i g e n v a l u e s  Ed w i l l  b e  

d i s c r e t e  and t h e r e  are none b u t  a c c i d e n t a l  de::eneracies. 

Ueno t i n c  

and chang ing  t h e  i n t e g r a t i o n  v a r i a b d e  w e  can  w r i t e  e q u . ( 3 8 )  

i n  ina t r ix  form as 

E q u a t i o n  ( 3 9 )  is n o t h i n g  b u t  a d i f f e r e n t  form of t h e  von 

Neuinann e q u a t i o n  and  t h e r e f o r e  s t i l l  r e v e r s i b l e .  IIow- 

ever,  w e  e x p e c t  t h o s e  terms depend ing  on t h e  s q u a r e  o f  

t h e  p e r t u r b a t i o n  pa rame te r  t o  t u r n  o u t  as i n t e r n a l  i n t e r -  

a c t i o n s  ( " i n t e r n a l  c o l l i s i o n s  I ! )  of  t h e  molecu le  which 

may i n  s o m e  sense g i v e  r i s e  t o  an  i n t e r n a l  r e l a x a t i o n  

p r o c e s s .  Even though equ. ( 3 9  ) i t s e l f  i s  u n t r e a t a b l e  w e  

shall t r y  t o  c o n s t r u c t  an  a s s y m p t o t i c  s o l u t i o n  which h o l d s  
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f o r  t h e  o r d e r  of  magnitude of  t ime  which i s  of p h y s i c a l  

i n t e r e s t .  To t h i s  b e h a l f  w e  f i r s t  hav'e t o  s t u d y  t h e  time- 
s c a l e s  i n h e r e n t  i n  systems o f  m o l e c u l a r  magni tude .  

The a s sympko t i c  s o l u t i o n  P ( t>  w e  would l i k e  t o  esta- 

b l i s h  s h a l l  h o l d  f o r  t of t h e  o r d e r  of  t h e  r e l a x a t i o n  

t ime.  A ' n e c e s s a r y  c o n d i t i o n  f o r  s u c h  a + ) t o  e x i s t  i s  

t h a t  two c h a r a c t e r i s t i c  t i m e s  of t h e  sys tem , 
1 4 , 1 5 , l i ; )  

!? 

14)  N . N .  Bogoliubov,  S t u d i e s  i n  S t a t i s t i c a l  Meciianics, 
North-Holland,  AmsterdcLul 1 9 6 2 , ~ .  1 .  

15) L.  V a n  Hove, L a  t h e o r i e  d e s  gaz  n e u t r e s  e t  i o n i s & s ,  

Les IIouches 1958; Hermann, P a r i s  1360, p .  151 . 
16) L. Van Hove, N i j en rode  c a s t l e  1361,  p .157.  

~ ~~ 

an  a tomic  t ime ,  Gt, and a t r a n s v e r s a l  t i m e , ? &  , a r e  of  e n t i r e -  
l y  d i € f e r e n t  o r d e r s  of magni tude.  If  o u r  p h y s i c a l  i n t e r e s t  

i n  t h e  sys tem,  c h a r a c t e r i a e d  by t h e  e x p e c t a t i o n  v a l u e s  w e  

want t o  c a l c u l a t e ,  r e q u i r e s  a t ime af t h e  o r d e r  of magni tude  

2; and 

( 4 0 )  ct 4q ~ 

t h e n  c e r t a i n  s i m p l i f i c a t i o n s  can  be made w i t h  equ. ( 3 9 )  
which may a l l o w  u s  t o  e s t a b l i s h  t h e  a s s y m p t o t i c  form of  [+J. 

I n  f a c t ,  f o r  chemica l  pu rposes  we s h a l l  c o n c e n t r a t e  on a 

t i m e - s c z l e  on which mayor changes i n  n u c l e a r  conf i , q n - a t i o n  

w i l l  t a k e  p l a c e .  Should  the  s y s t e m  De such  t h a t  i t s  as- 
s y m p t o t i c  b e h a v i o u r  can i n  some s e n s e  b e  d e s c r i b e d  iis a 

r e l a x a t i o n  process ,  t h e n  2;undoubtedIyhas t o  be of  t h e  o r d e r  

of  t h e  r e l a x a t i o n  t ime ,  

P 

I t  i s  v e r y  sirnh)le t o  i d e n t i f y  Ye+ and 5, f o r  a mole- 

c u l a r  sys tem.  '& w i l l  b e  the  a v e r a e e  o v e r  t h e  r e c i p r o c a l  

d i s t a n c e  between occup ied  l e v e l s ,  - 
1 
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khereas ‘?+,.is the average distance between occupied adjacent 
levels o( and d’, - 

/r* = G),-kl 

Roughly, for molecules. undergoing intramolecular conversion, 
we may put U.? = EA , EA being the energy difference 
between the saddle point and the minimum point of the reac- 
tant mould on the potential energy surface. 

Then, kith E A =  lo - to-’ at u., 

LI 

-I 

Estimation of%&requires the knowledge of the density of 
states in the saddle region. Using the harmonic approximation 

according to equ. - ( 3 6 )  and extending it by assulnine 

where foI is the minimum of mould I, the condition for a 

to have its minimum below energy E is A 
M 

1 5 ; n ;  
2=2J 

The number of .sets 
is approximately ( 
equationj: 

h E,-$ZLJi 
2 

En,, . . .. . , nM]  fulfilling equ. ( 4 1  ) ,  
neglecting the zero-point energy in this 

17)  For a more precise estimate see 
E.We S c h l a g ,  R . A .  Sanusmark, J.Chem. Phys. 37, 168  (1962)  - 
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Lets be t h e  a v e r a g e  d e n s i t y  

t h e  c i  r v e s  En( 
saccile r e g i v n  w i l i  be 

) ,  Then t h e  

of s t a t e s  i n  mould I of  each  of  

e n s i t y  of s t a t e s  * (E)  ove r  t h e  

Assuming iin a v e r a g e  r a t i o  - 

anci a l e v e l  d e n s i t y  , ,  

we have  

and t h i s  time w i l l  be v e r y  l a r g e  i n  comparison with rat and 

. For  M = 12, 24, 39 we iiave = 1 0 ~ 5  a t . u .  ( 1 0 - 2 s e c ) .  
- /026at .u .  ( 1 0 9 s e c ) ,  I O  39  a t . u .  (loz2 s e c >  r e s p e c t i v e l y .  

These  nuriluers i n d i c a t e ,  t h a t  c o n t i i t i o n  ( 40 ) will ue 

v e i y  w e l l  f u l i ' i l l e i i  by molecu la r  sysierris of  chemica l  s i g n i -  

f i c a n c e .  I t  i s  importanL t o  n o t e  t h a t  even  lor s y s t e m s  w i t h  

a small nunlber o f  d e g r e e s  of f reedom Lhe level d e n s i t y  i s  s o  
h i g h  -that t h e  u n c e r t a i n t y  r e l a t i o n  will p l a y  a p a r t  t h r o u g h o u t  

the p r o c e s s ,  iis t h e  e i g e n s t a t e s  o f  tile u n p e r t u r b e d  H a m i l t o n i a n  

can n e v e r  a p p e a r  s e p a r a t e d  w i t h i n  times of  t h e  orcier o f  ?+ 

The v a r i a t i o r k  of  t h e  matrix e l e m e n t s  x4p of  an o b s e r v a b l e  
wit t i  .( anci P , where O( i s  a s t a t e  o u t  of an  e n e r g y  i n t e r v a l 1  

A Ea and l3 o u t  of  A E b t  w i l l  t h e n  be i - r r e l e v a n t i f '  A E ~  and 

nEb are  of  t h  order q-' o r  s m a l l e r .  T h e r e f o r e  we shall f i n d  

Y O f  ( 3 9 )  

i t  s u f f i c i e n t  t o  e s t a b l i s h  a n  a s s y m p t o t i c  s o l u t i o n  
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which also varies s l o w l y  with 
ranges of change bering determined by yo and the matrix 
elements qa . To this end we take several formal steps 
starting from equ.(39). 

Ex and E p , the characteristic 

The sums in equ.(39) cannot readily be replaced by 

integrals since the matrix elements 4~ are not smooth func- 
tions of & and 4 .  Ilowever, dividing the energy scale into 

nEZ, ......,A E ...., AEb, .... 
1 '  a' equal intervals A E  

with numbers of states g 1, g2' 

average $ over these intervals, writing **9ga' "'?gb'"' we may 

where o(Eq denotes that the states o( are taken out of the 

interval AE,. vq will now be a smooth function of the parameter 
a , if 

A I )  a large number of states lie in each interval 

A E,, 
A 2 )  the density o f  the states g a / d E b x  is a slowly 

varying function over the energy scale. 

In addition , we s h a l l  require the length of t h e  intervalls 
AE, to be of an order of magnitude to fulfillathird condition 

A 3  1 a E << TF' 
According to AI) every interval will comprise many states 
of any kind. Following the procedure used in  chpt.3to construct 
a basis for tile molecule with a harmonic approximation one 
can see that to a giveii eigenfunction 14) we may find, 
withiri an energy distance of the order of t h e  level splitting, 
another eigenfunction, Id") , resembling lo<') nearly perfectly, 

F" 



e x e p t  t h a t  one o s c i l l a t o r - f u n c t i o n  c o n t a i n e d  i n  IN") has one  

node more whereas  a n o t h e r  one h a s  one node l e s s .  Thus,  si- 
ven  some $,  we may s e l e c t  a l a r g e  number of m a t r i x  e l e -  

ments w i t h  Ma4 which d i f f e r  o n l y  s l i g h t l y  f rom each  o t h e r .  
birlce cond i t iu r l s  122) arid A 3 )  are e a s i l y  f u l f i l l e d  by ciioos- 

i n g  
ly v a r y i n g  f u n c t i o n  o f  €3 

s u i t a b l y ,  t h e  ave rage  4,s may be c o n s i d e r e d  a s low- 

Now we may sum equ. ( 3 9 )  o v e r  a l l  &ea and p b .  
Using t h e  n o t a t i o n  

we may replace a 2 
v a l u e s ,  e n d i n g  up w i t h  

by Zfd t a k e n  o v e r  s u i t a b l e  avei.d.ge 
1 

b" c 

i 4 2 )  

0 t 
(t -r)ocP -;q# 

e,, +&Ib Y ee 4- e b  ( e  
I 

0 

Equ.  

an a s s y m p t o t i c  s o l u t i o n  r(f-1. More i n s i g h t  i n  t h e  n a t u r e  o f  

tile s o l u t i o n ,  however,  can be g a i n e d  by t h e  proceciure used 

i n  t h e  f o l l o w i n g .  

( 4s ) ,  as i t  s t a n d s ,  m a y  be t r e a t e d  f u r t h e r  t o  f i n d  



Since Tr arid Tb, for most molecular systems, are of such a 

different magnitude there may be an even coarser contrac- 
tion over the energy scale f o r  the assymptotic density 
matrix Pklwhich nevertheless will lead to the same e y c t a -  

tion values. Having choosen a division of the energy scale 
into intervalsbf which are  as small as possible by o r d e r  

of magnitude, we may find a coarser division into intervals 
L E ' ,  suitable €or sirriplifing the solution o€  equ.( 4 Z )  in 
the following way. Let the intervals be 

be' ~ AF;, I ...) L\ EA I - - - .  ~ G J  - - - -  I 

containing an even larger number of states 

s o  that 
G I ,  G2v * * * )  G A 9 - - * '  GB, 0 

A 

is a large number 

Furthermore, A € '  s h a l l  be taken to be as l a rge  as possible 
by order of magnitude, yet fulfilling the requirements 

B 2) AL-"_$ energy interval of  characteristic change 

B 3 )  Af' 6 energy interval of characteristic change 

with E, and E (;.e YL' 1 P in fwp 

of q 6  with Eg or g- b 
B 4 )  A€'.& q-' 

7 



From t h e  Condi t ionsH t h e  r equ i r emen t  B 3 )  w i l l  n o r m a l l y  be 

t h e  most r e s t r i c t i v e  one,  t hus  de t e rmin ingAE!  We sha l l  be 

ab le  t o  c o n s t r u c t  a n  a s s y m p t o t i c  d e n s i t y  m a t r i x  ?it), where 

(t) w i l l  n o t  v a r y  a p p r e c i a b l y  w i t h  9:CA EA and (j d A EB. 
fbdP 

Our method i s  somewhat s i m i l i a r  t o  t h e  u s e  of  c o a r s e - g r a i n e d  

d e n s i t i e s  i n  c l a s s i c a l  s t a t i s t i c a l  iiiechanics. 1 7 , 1 8 , 1 9 >  

17) P. E h r e n f e s t ,  C o l l e c t e d  S c i e n t i f i c  P a p e r s ,  Nor th  Hol land ,  

18) D. T e r  H a a r ,  Rev. Mod. Phys. 27,  289 (1955) 
19 )  N . G .  Van Campen, N i j en rode  C a s t l e  1961, p.  173  

Amsterciarn, 1959, p .  213 

- 

r f t h e  f i r s t  two t e rms  on t h e  
99.A bGB If we sum e q u a t i o n  (82)  over  

r i g h t  hand s i d e  can  s imply  be w r i t t e n  i n  te rms  o f  t h e  i n d i c e s  

A , B , C ,  whereas  t h e  c o l l i s i o n  terms can be g i v e n  f u r t h e r  

t r e a t m e n t .  L e t  u s  l o o k  i n  d e t a i l  a t  t h e  f i r s t  c o l l i s i o n  

i n t e g r a l ;  t h e  o t h e r s  can  be hand led  i n  ana logous  way: 
t 

f 8 0 1 c  1 Gz 5 s  f i i * g v  ( t - T ) d r . =  
a & A  ',e 
be B 0 

( v.3) t -jdzB+,p - i d z a p  

- 2- e, e GAJc ir 
- e  c7 - 

Expanding y ( t - T )  unde r  t h e  i n t e g r a l - s i g n  i n  a T a y l o r - s e r i e s  

w e  have t o  e y a l u a t e  t h e  i n t e g r a l s  

.. 
I x r  no 
l , ~ t , l * ,  

_ .  .. r"-- 



The Yk can  be g e n e r a t e d  out o f  e a c h  o t h e r  by d i f f e r e n t i a t i o n .  

3 = - -  I 

Since W c B t > ) l  for n e a r l y  a l l  te rms  under  t h e  sum i n  

can b e  r e a d i l y  s e e n  ( introducing Z'=dcg? as a new v a r i a b l e  

of i n t e g r a t i o n )  t h a t  t h e  u p p e r  l i m i t  i n  t h e  i n t e g r a l  (44) 
may be t a k e n  i n f i n i t e .  Then we have  

( 4 3 )  i t  

Fur the rmore  

s Ea) can also be r e p r e s e n t e d  by t 

-.- 
x "-Ax-.- 



anci t h e r e f o r e  

... 
I? t 

The c o l l i s i o n  te rm (43) can now be w r i t t e n  as f o l l o w s :  

We can  now show t h a t  the r a t i o  o f  two c o n s e c u t i v e  

terns o f  t h e  k-sum i n  (Y.8) w i l l  be  small.- 

The Cll - i n t e g r a l  i n  (4-8) has t h e  g e n e r a l  form 

Where F(G3) i s  s l o w l y  v a r y i n g  w i t h W .  I t  i s  easy t o  s e e  

t h a t  t h e  r a t i o  between t h e  terms w i t h  k = l  and k = O  i s  s m a l l .  

b* e have _. 
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I -  
I C '  

F(c3)  can be ex tended  a n a l y t i c a l l y  o u t s i d e  t h e  

Teal ax i s .  S i n c e  i t  i s  p r o p o r t i o n a l  t o  t r a n s i t i o n  m a t r i x  e l emen t s  V- 

a t  t h e  i n f i n i t e  p o i n t .  F u r t h e r m o r s  EB i s  s o  l a r g e  compared 

wi th  AE'  t h a t  t h e  lower l i m i t  i n  ( 49) can be r e p l a c e d  by 

Then,by ( $6 ) and 

we may a l s o  assume t h a t  F ( d )  v a n i s h e s  s t l f f i c i e n t l y  strong a6 

ap 

9 t h e  i n t e g r a t i o n  t aken  a long  -00 t o  +a and e n c i r c l i n g  t h e  
p o s i t i v e  imag ina ry  h a l f p l a n e ,  w e  have  

ftt) c, 

w .  

we f ind by ( u7)  
S i m i l a r l y ,  
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expandable in power series which decline rapidly outside the . 
circles of radius rp and EA respectively. 

Our system is thus big enough to neglect higher order 
terms in the expansion of p (t - r ) ( f o r  infinite systems 
see E. Montralls 13) treatment). These achievements shall 
allow us to rewrite equ. (42) f o r  an assymptotic density 
matrix, defined over the coarser energy scale LE'. 
Since all functions occuring in the collision terms are smooth 
enough, 3- from equ. ( 42) may be replaced by 

go = A€' W Z B  1. 

The imaginary part of ~ C ~ Z B )  will give rise to a renormali- 
zation of the energy levels which has little effect on the 
assymptotic Solution. We shall, f o r  the sake of simplicity, 
leave out the principal value integral replacing ,$+CLJl by 

r $Cd) t 
We then end up with 

where the 2s represent ordinary Kronecker symbols. Equ. (50) 

is a master equation with an inhomageneous term. 

, 
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= 

cienote ‘S t 

n terms o f  t h e  o r i g i n a l  b a s i s  
-- G U  an o p e r a t o r  e q u a t i o n  

- - - -“lL*L 
ana U i s  an o p e r a t o r  t h e  m a t r i x  e l  
f u n c t i o n s  ove r  t h z e  e n e r g y  s c a l e ,  t 

i n t e ) - i a l  f o r  a change of 
- 

b e i n g  AF’ , 
may be d e f i n d  as f - 

i 5 2 )  

- 
Note t h a t  Kt i s  a r e a l  symme’tric m a t r i x ,  j u s t  l i k e  

s i n c e  t h e  b a s i s  we a r e  u s i n g  c o n t a i n s  r e a l  bound f u n c t i o n s  
on ly .  i t s e l f ,  

I 

I 

. .  
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4 )  The C h a r a c t e r  o f  t h e  S o l u t i o n s  

E v u .  ( 5 l ) ,  by v i r t u e  o f  i t s  inhomogeneous t e r m ,  may. have s o -  

l u t i o n s  which behave o s c i l l a t o r y  a t  i n f i n i t e  t i m e s .  I t  i s  t h e r e -  

f o r e  n e c e s s a r y  t o  p rove  t h a t  a r e l r i x a t i n g  a s s y m p t o t i c  s o l u t i o n  

31' e x i s t s  which f u i f i l l s  t h e  r e q u i r e m e n t s  A and B s t a t e d  i n  

c h p t .  

f i n d  t h e  smoothness  of f, over t h e  e n e r g y  s c a l e ,  w i t h  o t h e r  words ,  

t h e  c o n d i t i o n  t h a t  t h e  t i m e  T?,,,, a l l o w e d  f o r  p r e p a r a t i o n  o f  t h e  

i n i t i ' i l  s t a t e ,  hcis t o  be  such t h a t  vw4?r If w e  c o u l d  p r e p a r e  

i n i t i a l  s t a t e s  i n  &n a r b i t r a t y  way w e  might  w e l l  be  a b l e  t o  choose  

3 .  As main r e a s o n  € o r  a r e l a x a t i n g  g f t )  t o  e x i s t  w e  s h a l l  

s u c h  t h a t  the  a s s y m t o t i c  f&> remains  o s c i l l a t o r y .  90 
The homogeneous p a r t  of equ. (51) h a s  t o  be t r e a t e d  f i r s t .  

'Io t h a t  b e h a l f  w e  have  t o  i n v e s t i g a t e  t h e  u n d e r l y i n g  e i g e n v a l u e  

problem,  

T h i s  o p e r a t o r  e q u a t i o n  may now b e  t u r n e d  i n t o  3 m a t r i x  e q u a t i o n  

by i n t r o d u c i n g  a b a s i s  il.(>]. C o n s i d e r i n g  t h e  smoothness  o f  vdp 
over e n e r g y  i n t e r v a l s  4 f ' p n P  s h o u l d  k e e p  i n  mind t h a t  t h e  e i -  

genvalue-problem (53) o v e r  t h e  b a s i s  i ld>f  can  r e a d i l y  b e  con- 

- 

t r a c t e d  i n  t h e  s a m e  w a y  as equ ( 3 9 )  w a s  summed anc? smoothed 

over a l l  and  f3.s b , r e s p e c t i v e l y  a l l  &ti A and b& B . The 

b a s i s  { Id>$  is used  h e r e  for s i m p l i c i t y  o f  w r i t i n g  on ly .  i l 4> ! ,  

may be t r u n c a t e d  t < J  a f i n i t e  s e t  by e l i m i n a t i n g  a l l  w i t h  

E,)F,,,, wllere FmSKis an ene rgy  above which t h e  o c c u p a t i o n  

d e n s i t y  of  t h e  l e v e l s  i s  n e g l i g i b l y  s m a l l .  

E q u .  ( 5 3 )  can  t h e n  be solved w i t h i n  t h e  l i n e a r  v e c t o r  s p u c e  

o f  n-th orcier s q u a r e  n i h t r i c e s  o v e r  tile f i e l d  of complex nuiitbers. 
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I n  tndt case we h;ve to define the inner product as 

and assume the p 19 to be normalised so  that 

N o w  we can show the following: 

TI) SynlrneLric eigenmatrices of equ. ( 5 3 )  belong to zero eigen- 
values and are diagondl. 

Let p 6 be any symmetric eigenmatrix, then the collision 
termJill be zero, since is symmetric and therefore 

LTf''G0. form of % remains only 

= AT 
or 

since the sum changes sign when interchanging o( and . P 

Furthermore, from 

or 

follows 

= u  f o r  Slp 
If a l l  # o  the nonvanishing eigenvalues have a nega- v '1 2 )  

tive real- part. 

shall denote a non-symmetric eit4enmatrix. Then 

,I nn 

"" k! r - -  
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trzur i7eAT (0. 
- 

The condition vy$o for all 4 and p seems rather 
strong, even if it is very unlikely that one of these 
matrix elements will vanish. However, 
a physically relevant solution of (51) 
quirement that v a , # O ,  what will be fulfilled in a l l  con- 

civable cases. 

for establishing 
we only need the re- - 

By means of TI and T2 it is also easy to see that 
the eigenvalues 37 , belonging to non-diagonal eigez- 
matrices, are non-degenerate and that any two such p'9' are 
linearly independent. 

The homogeneous equation (51) will then have the solution 

9 
I 

Po ' where the d are uniquely determined by 
9 '  
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lie s h a l l  f i r s t  l o o k  a t  t h e  d i a g o n a l  p a r t  o f  fc6) . I n  t h i s  

c a s e  o n l y  t h e  inhomogeneous t e rm may play any role: 

+&< -. -; bY.tro ei&,tj 
dt 
- = - i L v , e  

- ei %d 

a’ 
Thef - sum can  be c o n v e r t e d  i n t o  an  i n t e e r a l  r e a d i l y .  

3 ,  i s  a r e a l ,  symmetr ic  m a t r i x ,  t h e r e f o r e  
- - -  

(55) 

= 0. 

A s  one might  have e x p e c t e d  be fo rehand  t h e  o c c u p a t i o n  of t h e  

e i g e n s t a t e s  o f  E o  i n  t h e  ensemble does  n o t  change i n  t ime  

s i n c e  t h e r e  a r e  no e x t e r n a l  c o l l i s i o n s  and we a r e  d e a l i n g  

w i t h  t h e  t ime-assynlptote  o f  t h e  d e n s i t y  m a t r i x .  

I 

For o b t a i n i n g  t h e  s o l u t i o n  off t h e  inhomogeneous e q u a t i o n  

w e  have  t o  expand t h e  inho~nogencous p a r t  i n  te rms  of  t h e  e i s e n -  

m a t r i c e s  p’p’ . A s  t h e  d i a g o n a l  p a r t  o f  t h e  inhomogen&ous term 

i s  zero we s h a l l  have non-symmetric e i g e n m a t r i c e s  i n  t h e  ex- 

p:.nsion o n l y .  Deno t ing  t h e  i n d i c e s  of  non-symmetric m a t r i c e s  

by 3 , we have  

t 

The g e n e r a l  form of  f i ( t )needs  t o  be worked o u t  f o r  l a t e r  con- 

t h e  i n n e r  prociuct o f  equ.(56) w i t h  
c l u s i o n s .  Us ing  t h e  l i n e t l r  9 independen2e  o f  t h e  f’ we c a n  form 
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i- 
(57 1 

(57Q) 

Deno t ing  

% lie can  e a s i l y  see now t h a t  Q i s  a smooth f u l l c t i o n  of 

and  E S  . I'hls w i l l  be s o  i f  Hpr  

smooth waynonly i f  6: depends smoo th ly  on E p  . T h i s  can  b e  

s e e n  by l o o k i n g  a t  equ . (52 )  for the  e i g e n v e c t o r  , be lonz -  
i n s  t o  an  e i g e n v a l u e  2,. and f o r m i n g  t h e  p~ - m a t r i x  e l e m e n t s ;  

7 

%I 
i s  a smoottl f u n c t i o n  o f  

t h e s e  v a r i c t b l e s .  By (57a) we can see  t h a t  "CPF (71 depends i n  a m.2 F, 

* 
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or 

a 
id +hh 

- - 
"'p 9 - 

Theref ore 

is perfectly sufficient to convert the 
an integral. 

depends on E p  as smooth as $,/(i",pfql, what 
-sum in (58) into 

The total solution of equ. (51) then has the form 

where &d>is the diagonal matrix representing 9 the diagonal part neyaf;rr 
have a non-vanishinc,real part, of yo 

therefore the terms under the first sum are damped exponenti- 
a l l y ,  but this is not immediately 'clear for the terms under 
the second sum of equ. (58). We have 

. ~ccording to T I  all 

t 

( 5 9 )  
0 

?'he second term under the sum is again damped, so we focus 
attention on the first: 

- .  'T 

i 
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i 

t h e  d e n s i t y  of s t a t e s .  By t h e  s u b s t i t u t i o n  

+ r  

-; 3 
e d r  ' + E ' 4 ; 2 ? )  - 

I t  - 2  2 
0 - (E + i+) I5 

The i n t e g r a t i o n  p a t h  o f  t h e  i n n e r  i n t e g r a l  i s  f rom t h e  p o i n t  

-(€+$&j)t 
t o  t h e  r e a l  ax is  t o  + og . The d i s t a n c e  of  t h e  i n t e g r a t i o n  

which i s  l y i n g  i n  t h e  p o s i t i v  h a l f - p l a n e ,  p a r a l l e l  

p a t h  from t h e  r e a l  a x i s  i s  of  t h e  o r d e r  o f  mc1gnitude.f 

We t h e n  e x t e n d  t h e  i n t e g r a n d  a n a l y t i c a l l y  and c l o s e  t h e  i n t e g r a l  

p a t h  C by e n c i r c l i n g  t h e  n e g a t i v e  imag ina ry  h a l f - p l a n e  c l o c k -  

w i s e ,  corning back t o  t h e  poin t - (F t i3) t  which i s  of t h e  o r d e r  

i n f i n i t y  under  t h e  o u t e r  i n t e g r a l .  We o b t a i n  

l h i s  shows t h a t  t h e  te rms  i n  t h e  second sum of (58) a r e  indeed  

daiIiped e x p o n e n t i a l l y .  
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5 j Conc lus ion  

W e  w e r e  a b l e  t o  d e r i v e  a mas ter  e q u a t i o n  f o r  a n  en- 

s e m b l e  o f  i s o l a t e d  molecu le s .  I t  should be  bo rne  i n  mind, 

however,  t h a t  t h e  s t a t e m e n t  of e q u i l i b r i u m  for t h e  mole- 

c u l a r  sys t em by some k i n d  o f  expe r imen t  i s  bound to a tirue 

s c a i e  ?Y of t n e  orcier e9 

' i he  n e c e s s a r y  r e q u i r e m e n t s  were o f  a r a t h e r  s e n e r a 1  n a t u r e  

an6 l i k e l y  t u  b e  f u l f i l l e c i  for tnu lecules  wigh 6 o r  more 

a t ~ i i i s .  ~ n e q u a l i t y  (40)  w i l l  always hoici i f  vis s u f f i c i e n t -  

i y  small, as can e a s i l y  b e  s e e n  b y  equs .  ( 5 4 )  and (41a;. 
!. ur ' i i iermore,  t h e  smootilrless o f  %g , g ~ ~ ~ i ~ a r i t e e c  by con- 
~ i i i o ~ l s  111)-A3), c a n  h a r d l y  be t h o u g h t  to be n o t  f u 1 f i l : i e d  

i r i  any n o n - p a t h o l o g i c a l  c a s e .  I t  was mentioneci b e f o r e  tnat  
the r e q u i r e m e n t s  u I ) - B l t j  are n o t  e s s e n t i a l  i n  d e r i v i n g  t h e  

m : j . s t e r  e q u a t i o n ,  t h e y  may, however,  i n  p r a c t i c e  p l a y  an 

i m p o r t a n t  r o l e  f o r  condens ing  t h e  o r i g i n a l  s e t  of  e q u a t i o n s  

to a lower  orcier.  

p o s s i b l e  to an  e x t e n t  where t h e  r a n g e  of e n e r g y  i n v o l v e d  

i s  i i i v ided  i n t o  10 i n t e r v a l s  o n l y  and y e t  a l l o w s  t o  des -  

c r i b e  t h e  r e l a x a t i o n  p r o c e s s  w i t h  s u f f i c i e n t  a c c u r a c y .  

E s t i m s t i o n  of  such  v e r y  coarse m a t r i x - e l e m e n t s  ( 8 , p a r t l y  by 

expe r imen t ,  is t h e n  n o t  i n c o n c i v a b l e  any more. 

I n  many i n s t a n c e s  conueris;:!tion m:ly b e  

A c r u d e  way of de te rmir l ing  by order o f  magni tude  t h e  

rate o f  ;in i n t r a m o l e c u l a r  r ea r r angemen t  r e a c t i o n  ( i n  t h e  

r e g i o n  where i t  is  of  f i r s t  order) would be t o  use it s u i t a b l e  

Lvera<:e over t h e  j 7 e q  as a ra t e  c o e f f i c i e n t .  I l e t e rmin ing  

Ty s u c h  that 

, -__ .- 1 ~ .~ ... .. . ~ , .. - . .  

.... . . ... 
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we could use 

as a rate coefficient. 

According to the outline in chpt.2 the complete expres- 

sion for the rate will be 

'The general form of. f(t) is 

and 

R by equ. (60) is a real quantity because the eigenvalues 
appear pairwise, i.e. if >-is an eigenvalue A!+ is a l s o  one. 4 

Finally we may study t h e  mechanism in an intramolecular 
conversion reaction including vibrational relaxation after 
external collisions. Though we did not include external 
collisions explicitely in the description of the relaxation 
PI'OC~SS we can make use of the master equation (51) for the 
period between collisions. If the duration of an external 
collision is short compared with the time between collisions, 

Tu,, , we may again specify an initial density fQr by a set 



. 
7 

of commuting observables. ff is then the initial state of 
an ensemble representing wave packets which are localized onto 
configuration I. Applying equ. (51) we can say the following: 

will, in an eigenrepresentation of x,, , have large ele- 
* in terms 

' 
Y e  

fo 
inents f a r  from the diagonal. In the expansion of 
of the eigenmatrices $('), 

there will large 4.: occur for highly unsymmetric F'. 
By equation (54),the negative real parts of the eigenvalues 
corresponding to these eigeiimatrices are the largest. Thus, 
the parts of the density matrix far from the diagonal will 
quickly be damped away. We arrive at the same result if we 

of xo. From the latter case we can see immediately that 
s e t  up equ. (51) for a density matrix $(t) with 20 r instead 

fo being the one defined in chpt.2 
Y:for this process may be used to determine 
the observation time vw, f o r  identifying the initial state 

of the species I, 

and the relaxation time 

the order of 

Thus, if 7.5; & & , L L ~ h d q ,  what 
anu also the characteristic chanse o f  the diagonal elements 
of 9 by the external collisions is s l o w  compared with rp * 
equ.(f;l) will give the correct rate for the isomerization 
reaction. 

ill usually be the  case,  

".. . I_L_ 



e 

L 

b 

The author wishes to thank Professor Per-Olov Lhdin, Quantum Theory 

Project, University of Florida; Dr. Janos Hajdu, Guttingen University and 

Dr. Edward Schlag, Northwestern University for many fruitful discussions. 

xrwo I, 01 '1  

1 -  --- 


